We consider upper exponential bounds for the probability of the event that an absolute deviation of sample mean from mathematical expectation p is bigger comparing with some ordered level ε. These bounds include 2 coefficients {α, β}. In order to optimize the bound we are interested to minimize linear coefficient α and to maximize exponential coefficient β. Generally, the value of linear coefficient α may not be smaller than one. The following 2 settings were proved: 1) {1, 2} in the case of classical discreet problem as it was formulated by Bernoulli in the 17th century, and 2) {1, 2 1+ε 2 } in the general discreet case with arbitrary rational p and ε. The second setting represents a new structure of the exponential bound which may be extended to continuous case.
Introduction
Let X, X 1 , X 2 , · · · be a sequence of independent and identically distributed random variables Pr(X = 1) = p, Pr(X = 0) = 1 − p.
Ya. Bernoulli proved [14] that , and k, r, s are arbitrary natural numbers. As far as ξ 1 , ξ 2 ≥ k r+s = nε 2 we can make conclusion that C = min ( 1 s − 1 exp (nε 2 log r + 1 r ), 1 r − 1 exp (nε 2 log s + 1 s )).
Therefore, we can formulate the law of large numbers
where r and s are assumed to be fixed and k → ∞.
Markov [10] , [12] considered case of arbitrary n, p and ε. Uspensky [16] extended results of Markov further and derived the first exponential bound
with coefficients α = 2, β = 0.5. Additional and more detailed historical notes may be found in the Section "Existing Inequalities" [1] . Hoeffding [8] developed methods of [16] , [4] and proved generally that α = β = 2. Note that similar exponential bounds for the empirical distribution functions were presented in [5] and [13] .
In the Section 3 we prove that the following values of the constants α = 1 and β = 2 may be used in the bound (1) in the discreet case formulated and considered by Ya. Bernoulli. It is demonstrated in the Section 3.1 that value of α can not be smaller than one. The following Section 3.2 proves one-sided inequalities using methods and results of the Theorem 1.
Section 4 introduces a new structure of the exponential bound in the general discreet case with arbitrary rational p and ε. The best bound in asymptotical sense corresponds to the bigger value of the exponential coefficient. However, as it is discussed in the Section 4.1, the value of linear coefficient is also very important because of the practical reasons.
Section 5 represents an extension of the methods and results of the Section 4 to the continuous case.
Section 5.1 considers particular application of the bounds to the normalized sum of random variables. It is demonstrated that all 3 types of bounds are asymptotically equivalent. In this way, advantage of the propose bounds comparing with Hoeffding's bound is absolute.
Note that using results of [2] and [3] we can extend bounds for Bernoulli random variables to the case of arbitrary bounded random variables.
Also, we note paper [9] where similar exponential bounds were constructed for Markov chains. Generally, exponential bounds proved to be very effective in order to define required size of the sample in order to ensure proper quality of estimation, see, for example, [11, 7, 6, 15, 17] .
Main lemma and definitions
We will use essentially different approach comparing with [8] and [4] . This technique is based on the properties of convex (concave) functions applied to the binomial coefficients. The following Lemma formulates the core of the methods which are employed in the Sections 3, 4 and 5.
Lemma 1 Suppose that ϕ(t), 1 ≤ t ≤ n, is a function with continuous second derivative where n is any natural number. Then,
Proof: The following representations are valid
where m is a natural number. We obtain required bounds combining above equation with
in the convex case, and with
in the concave case.
The following notations will be used below
where m = kr. Assuming that n = k(r + s) we form groups of binomial probabilities of the equal size k
. . , r(left groups),
Then, we consider relations of the corresponding binomial coefficients from the neighbor groups
where s, r ≥ 2. By definition
Remark 1 Note that P 
Bernoulli problem
We exclude from consideration the trivial cases: p = 0 and p = 1, and assume that 0 < p < 1. As it will be demonstrated below the task of estimation of P + 2 is easier comparing with estimation of P − 2 if p > 0.5. On the other hand, the task of estimation of P − 2 is easier comparing with estimation of P + 2 if p < 0.5. As far as the problem is symmetrical, we assume that p ≥ 0.5. 
where b := exp {2ε 2 n}. Therefore,
Proof: By (4b), B(j) is an increasing function of j ≥ 1. Therefore,
where
is a convex function of v because r ≥ s or m ≥ n − m, and according to (2)
where δ = n(j − 0.5) + 2s kr(s − j + 0.5) .
Using general inequality
we obtain log λ j ≥ 2k(n(j − 0.5) + 2s) 2(s − j + 0.5)kr + n(j − 0.5) + 2s
Furthermore, based on the following properties
we have
Then, using relations r = p ε , s = 1−p ε we transform above inequality to the required form
Above equation (10) completes proof of the Theorem.
Theorem 2 Suppose that p = r r+s , n = k(r + s), ε = 1 r+s , and k, r, s are arbitrary natural numbers. Then,
Proof: By (4a), the coefficient A(j) is an increasing function of j ≥ 1. Therefore,
where ψ(j, v) = log n−m+(j−1)k+1+v m−jk−1+v .
The following condition
give us a guarantee that the function ψ(1, v) is concave.
Suppose that r = s + 2 and k ≥ 2 or r ≥ s + 3 and k ≥ 1. Then, by (3) we have
The case r = s + 2, k = 1 is easy to consider:
Above inequality is valid ∀s ≥ 1 if γ ≤ 4. Now, we consider remaining case r = s+1 (the case r = s was considered already in the first part of the proof because the problem is symmetrical). Then, ψ(j, v) is convex as a function of v, and, by (2),
where δ = 2jsk + 2s − ks + jk + 1.5 − 0.5k s(ks − jk − 0.5 + 1.5k) .
Using inequality (8), we obtain log q j ≥ 2k(2jsk + 2s − sk + jk + 1.5 − 0.5k)
Above inequality is valid for γ ≤ 2 assuming that j, s ≥ 1.
Corollary 1 The following upper bound is valid
where p = r r+s , n = k(r + s), ε = 1 r+s , and k, r, s are arbitrary natural numbers.
Proof: It follows from the Theorems 1 and 2 that r j=2
The following representation is valid
C+x is an increasing function of x, where C is a positive constant. Therefore,
Optimal value of the linear coefficient
Clearly, value of the linear coefficient α = 2 in the exponential bound may not be regarded as an optimal. The following Proposition 1 demonstrates that α ≥ 1. 
Respectively,
Suppose that ε = 
Corollary 2 Coefficient α in the bound (1) may not be smaller than 1 for the arbitrary n ≥ 2 and ε > 0.
One-sided inequalities
In this Section we will use again the property that left groups of binomial probabilities may be estimated more effectively if p < 0.5. Analogously, right groups of binomial probabilities may be estimated more effectively if p > 0.5.
Proposition 2
Proof: Combining the equality
and (10) we derive that
Next, we use the same bound (10) in the opposite direction
Again, we make an assumption r ≥ s or p ≥ 0.5 without loss of generality, and construct upper bound for the conditional probability
where the last inequality may be regarded as a consequence of (18) and (19).
Then, we simplify (20) using properties ν 2 −(j−1)
As a next step we prove that
Let us consider relations of the binomial probabilities which are symmetrical against central point m = kr n m − i + 1
where we used (2). Therefore,
By the way, using identical method, one can prove
The final upper bound follows from (21) and (22) applied to the Bayesian formulae
General discreet case
In this section we assume that p and ε may be represented by positive rational numbers with denominator as a number of observations in the sample.
Respectively, we will cover all possible empirical values of the sample mean as an estimator of the probability p. Note that the role of the parameter k will be different here comparing with previous section. (23)
Proof:
The following upper bound may be obtained similarly to (7) log λ j ≥ k log (n − m)(m + 0.5k + 2)
where 2m ≥ n and p + 
Above inequality is valid ∀k ≥ 1 and ∀p ≥ 0.5 if γ ≤ 2.
The following Theorem 4 introduces a new structure of the exponential bound as a main result of this paper.
Theorem 4
Suppose that p = m n ≥ 0.5, ε = k n , and k, m, n are arbitrary natural numbers with conditions 2 ≤ k < n, m < n. Then,
Therefore,
(the case k = 1 is covered by the Theorem 2 with stronger result).
Proof: Similar to (13) and assuming that 2m > n + k + 2 we derive
where j = 1, . . . , r − 1, m > k ≥ 1 (else P − 2 = 0). The following relations are valid
Above inequality take place if
Let us consider remaining case n ≤ 2m ≤ n + k + 2. Similar to (7) we have
.
By (8), we obtain 2k(m + 0.5kn + 0.5n)
Note that condition (30) is less restrictive comparing with (28).
Corollary 3 The following upper bound is valid
where p = m n , ε = k n , and k, m, n are arbitrary natural numbers with conditions 2 ≤ k < n, n ≤ 2m < 2n.
Proof is similar to the Corollary 1 : we obtain required value of the parameter β as min {2, 
Relations between bounds
The bound (31) improves Hoeffding's bound The following parameters were used in this example: n = 33, m = 15, k = 1, . . . , 14, ε = k n , second column represents real probability of absolute deviation of the sample mean from p = m n , next two columns represent corresponding bound (31) and Hoeffding's bound (32). . Figure 1 (c) illustrates behavior of the function µ.
Remark 2 It follows from (33) that the number of observations must be big enough in order to ensure advantage of the Hoeffding's bound for the fixed deviation parameter ε: n > log 2 2ε 4 . As a direct consequence, the bound (31) will be so small:
} that any further improvement may not be regarded as a significant. 
Continuous Case
Suppose that p and ε are arbitrary numbers:
Remark 3 The special case ε ≤ 1 n may be considered easily. In the case ε > p or ε > 1 − p we will have simplified cases because we will need to approximate only one probability of deviation P
We define a central point np which is not necessarily integer. We denote by 1) h(n) -number of integer numbers in the left group [np−nε, np); 2) g(n) -number of integer numbers in the right group [np, np + nε]. All remaining left groups will have h integers with only one possible exception as a last group. Symmetrically, all remaining right groups will have g integers with only one possible exception as a last group.
Let us denote by m the smallest integer in [np, np + nε]. According to the construction
n .
Theorem 5 Suppose that conditions (34) and (35) are valid. Then,
where Again, we simplify above inequality according to (36) and (37)
The last remaining case corresponds directly to (29).
where δ = pn+p−m+0.5(h+1) m−pm+0.5(hp+p−h−1) . By (8), we obtaiñ
We simplify above inequality according to (36) and (37)
which is valid for any
Finally, we derive required asymptotical relation as a consequence of the conditions (42), (44) and (46) where condition (44) is the most restrictive.
Asymptotical Bounds for Normalized Sum of Bernoulli Random Variables
Let us denote by F n distribution function of the normalized sum of Bernoulli random variables
According to the Central Limit Theorem, where Φ(t) is a standard normal distribution function. Respectively, it appears to be reasonable to use random variable (47) as a test case in order to compare different bounds.
Proposition 3
The bounds (16) , (31) and (39), as an upper bounds for the following probability Pr(|η n | > t), are equivalent asymptotically and equal to
where α = 1, and 0 ≤ t, p ≤ 1.
Proof: We have
Pr(|η n | > t) = Pr | 1 n n i=1 X i − p| > t n , where t n = t p(1−p)
n . Then, we insert t n into (16), (31) or (39), and take lim if n → ∞. As a result, we obtain required formulae (48).
Remark 4 Using Hoeffding's bound we will obtain the same asymptotical structure (48), but with α = 2.
Concluding remarks
The Proposition 1 proves that value of the linear coefficient α = 1 can not be improved. Taking this fact as a base point we established a new structure of the exponential bound (31). Figures 1(a) ,(c), (d) and Table 1 demonstrate advantages of the bound (31) against Hoeffding's bound if value of ε is small enough. The above Section 5.1 demonstrates additional arguments in support of the proposed bounds, and these arguments cover not to only Bernoulli random variables. The area of applications of the proposed methods may be extended further, for example, we can consider arbitrary bounded random variables or uniform metric for the empirical distributions.
The paper represents a fresh look at the ideas and methods which Ja. Bernoulli proposed in the 17th century. As it was demonstrated in the Section 3 the probability of deviation in the classical Bernoulli case may be bounded using standard structure of the exponential bound with optimal linear coefficient α = 1. It was the first step of this research which was completed in 1987 shortly after the 1st World Congress of the Bernoulli Society where the author purchased book [14] .
